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We give the analytic expressions of maximal probabilities of successfully controlled teleportating 
an unknown qubit via every kind of tripartite states. Besides, another kind of localizable entan- 
glement is also determined. Furthermore, we give the sufficient and necessary condition that a 
three-qubit state can be collapsed to an EPR pair by a measurement on one qubit, and characterize 
the three-qubit states that can be used as quantum channel for controlled teleporting a qubit of 
unknown information with unit probability and with unit fidelity. 



PACS numbers: 03.67.Hk, 89.70. 



Quantum teleportation is commonly considered as one 
of the most striking progress of quantum information the- 
ory. In the seminal work of Bennett et al. they 
showed that an arbitrary unknown state of a qubit could 
be teleported from a sender Alice to a spatially distant re- 
ceiver Bob with the aid of long-range Einstein-Podolsky- 
Rosen (EPR) correlations and the transmission of two 
bits of classical information. Since then, quantum tele- 
portation has been developed by many authors due to 
its important applications in quantum communication 
and quantum computation. At present, teleportation has 
been generahzed to various cases ^^A-,^, 6, 7, 8, ,9, J^. 
On the other hand, in past several years quantum tele- 
portation has been also experimentally demonstrated by 
several groups [ll|, [l^ • 

The controlled quantum teleportation scheme was pre- 
sented by Karlsson and Bourennane @ , with very similar 
ideas also in the quantum secret sharing paper of Hillery 
et al. [l^ . In 0, [l^ the entanglement property of the 
Greenberger-Horne-Zeilinger (GHZ) state is utilized for 
teleporting a qubit of unknown information. According 
to the scheme, a third side is included, so that the quan- 
tum channel is supervised by this additional side. An 
unknown state can be perfectly transported from one 
place to another place via previously shared quantum 
resourse — GHZ state — by means of local operations and 
classical communications (LOCC) under the permission 
of the third party. The signal state can not be trans- 
mitted unless all three sides agree to cooperate. The 
controlled quantum teleportation is useful in the con- 
text of quantum information such as networked quantum 
information processing and cryptographic conferencing 
[T3 . [Tsl . [l^ , and controlled quantum secure direct com- 
munication and has other interesting applications, such 
as in opening account on the agreement of managers in 
a network. Recently, a number of works on controlled 
quantum teleportation have also been proposed [7l[8l.[l0|. 
where they restrict themselves to the special quantum 
channels, such as GHZ state or W state. If a nonmaxi- 
mally entangled state is taken as quantum channel, then 



one can not teleport a qubit with unit probability and 
unit fidelity. However, it is possible to teleport a qubit 
with a probability p < 1, which is called probabilistic 
quantum teleportation Q . 

The entanglement property lies at the very heart of 
quantum information theory. The reason is that en- 
tanglement is the physical resource to perform some of 
the most important quantum information tasks, such as 
quantum teleportation, quantum computation etc. In 
[ISj . Verstraete, Popp, and Cirac introduced a new con- 
cept which they called localizable entanglement (LE). 
This quantity not only has a very well defined physi- 
cal meaning that treats entanglement as a truly physical 
resource, but also establishes a very close connection be- 
tween entanglement and correlation functions. The LE 
of two particles is the maximal amount of entanglement 
that can be localized in these two particles, on average, 
by doing local measurement on the rest of the particles. 
The determination of the LE is a formidable task since it 
involves optimization over all possible local measurement 
strategies, and thus can not be determined in general. 
However, Verstaete, Popp, and Cirac gave tight upper 
bound and lower pound. 

In this paper, we investigate the general case of con- 
trolled quantum teleportation — i.e. controlled teleport- 
ing a qubit of unknown information from a sender to a 
remote receiver via the control of a third agent by the use 
of a general three-qubit state — and its maximal success- 
ful probability, which is a kind of LE, but different from 
that in [l^ . We give the analytic expression of the max- 
imal successful probability and the exact value of LE in 
18] for tripartite. Moreover, the sufficient and necessary 
condition that a general three-qubit states can collapsed 
to an EPR pair with certain probability by means of mea- 
surement on one qubit are given. In addition, we show in 
detail that for any given three-qubit state, how to choose 
measurement basis to achieve maximal successful proba- 
bility of controlled teleportation. More surprising is the 
fact that there exist states that can not be converted to 
GHZ states under LOGC and can be used for perfect 
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controlled teleportation — controlled teleporting a qubit 
with unit fidelity and unit probability. In deed, we show 
that any tripartite entangled state can be used for per- 
fect controlled teleportation if and only if it is LOCC 
equivalent to the following state 



aolOOO) +ai|100) + ^|111) 
v2 



(1) 



Here the first 



where qq > 0, ai > 0, and Oq + = 
qubit is a controlled one. 

Acin et al |l3| proved that for every pure state of a 
composite system, 123, there exist orthonormal states 
|0)i, |l)i for system 1, orthonormal states |0)2, |1)2 for 
system 2, and orthonormal states |0)3, |1)3 for system 3 
such that 

I«')i23 = ao|000)i23 + aie^^|100)i23 + a2|101)i23 

+ a3|110)i23 + a4|lll)l23, (2) 
a^>0, < /i < TT, Sf^oof = 1- 

Suppose that Alice is to deliver an unknown state 
|^/))4 = a|0)4+/3|l)4 ( |Q;p + |/3p = 1) to adistant receiver 
Bob supervised by the controller Charlie via a quantum 
channel of a normalized general pure three-qubit state in 
([2]), where particle 1 belongs to Charlie, particle 2 is in 
Alice's side, while Bob has particle 3. Note that ao ^ 0. 
Since if ao = 0, then |^')i23 is a tensor product state of 
a pure state of particle 1 and a pure state of particles 2 
and 3, but not a true tripartite entangled state. 

After getting the approval of Charlie, Alice and Bob 
begin their teleportation under the control of Charlie. 

The controller Charlie measures his particle in the 
measurement basis 



|x) =cos(6l/2)|0) +e^'^sin(6l/2)|l), 
\x)-^ = sin(6i/2)|0) - e^'^ cos(0/2)|l) 



(3) 



and broadcasts his measurement result to Alice and Bob. 
Here 6* e [0, tt], v? e [0,27r]. 

The tripartite state |^')i23 can be reexpressed as 



l^'>123 = VP^\x)i\^i)23 + y/p^\x)i\^2)23- (4) 



Here 



pi = sin^(&/2) + Oq cos ^ + aoai cos(/i — (^) sin 0, 
P2 = cos^(6/2) — ao cos 6* — aofli cos(/i — sin 



|$i)23 = Pi M[«ocos(e»/2) +aie' 



i(e/2)]|00)2 



+e-'*'sin(6l/2)[a2|01)23 +a3|10)23 +a4|ll)23]}, 

|$2)23 = P2"^{[aosin(e/2) -aie'('^-^'cos(0/2)]|OO)23 

-e-'^cos(e/2)[a2|01)23 +a3|10)23 +a4|ll>23]}. 

After Charlie's measurement, the quantum channel is 
collapsed to |$i)23, and |$2)23 with probability pi , and 
P2, respectively. 

By Schmidt decomposition, there is 



|$l)23 
1*2)23 



Aio|0^0;5) + 
A20I0203 



^iilljla). 




(5) 
(6) 



where {O'j, I'J and {O2, 12} ( {^3, 1'3}, and {O3, 13} ) are 
orthonormal bases of system 2 (system 3), and 



C2 - 



'^10 — — 2 ' 11 ~ — 2 ' 
'^20 — — 2 — ' 21 — — 2 — ' 

\aoa4e^^^ sin 6+2{aia4e^^ —a2a3)e~^^^ sin^ ^| 



(7) 



\aQa4e 



Then, Alice makes a Bell measurement on her particles 
2 and 4, and conveys her measurement outcome to Bob 
by transmitting two classical bits of information over a 
classical communication channel. 

In order to achieve teleportation. Bob needs to intro- 
duce an auxiliary particle b with the initial state |0)6 and 
performs a collective unitary on the state of particles 3 
and b. Then the measurement on his auxiliary particle 
b follows. If his measurement result is |0)b. Bob can fix 
up the state of his particle 3, recovering 1-0), by applying 
an appropriate local unitary operation. The achievable 
successful probability of teleporting the unknown state 
via |$i)23 (1*2)23) is 2Aio (2A20). 

Probability p of successfully controlled teleporting an 
unknown qubit using the state in ^ is 



p = 2piAio + 2P2A20 = 1 - R{d, V?)- 



Here 



R^R{e,ip) 
p{e,^)=pl{i- 



CD, Q{e,v)=pl{i-cD. 



(8) 



(9) 



It is known that if there exists {9^,(po) such that 
P(6'o, fo) = or (3(00, (ySo) = 0, then Alice and Bob share 
an EPR pair with some finite probability by Charlie's 
measurement in the basis ^ with (6*, 1^) = (6*0, ipo). Fur- 
thermore, if there exists {60, fo) such that P(6q,(Po) = 
Q{Oo,ipo) = 0, then an EPR pair occurs with certainty 
after Charlie's measurement in the basis ^ with {9, (p) = 
{9o, ifo). The tripartite state ^ with the property that 
both P{9, (fi) and Q{9, (p) are equal to zero at the same 
point (0, if) can be used for perfect teleportation. 

We first investigate the condition of P{9, ip) = 0. 

P{9, (fi) — <;=^ 1*1)23 is a Bell state the concur- 
rence Ci of 1*1)23 is 1. 

Since P{0,ip) — ^ 0, so we suppose 9 e (0,7r]. Let 



^1^23 



_ ae'° 100)23+02101)23-1-03 |10)23-l-a4| 11)23 



a^+al+al+al 



. Here ae^° 



taoe 



lip 



aie^^, and t 



cot I , while a is the absolute 
of complex number ae^", a is the argument of ae^". 
Note that the concurrence Ci of 1*1)23 is equal to the 
concurrence C{\(j)i)23) of |(/>i)23, and C(|(/)i)23) = 1 iff 
P(|0i)23)]' = 1. [C{\<l)i)23)? = 1 means that 



(a^ - aly + 2{aa2 - 0304)^ + 2{aa3 - a2a4)^ 
-|-8aa2a3a4(l + cos a) + (a. 



^2\2 



0. 



(10) 



From Eq. (|T0|) . we see that Ci = 1 if and only if 02 = 03, 
a = 04, and a = n. Using these equalities, we obtain the 
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following results: If ai = 0, then (p = tt and t 



If where 



H = 0, then (fi = TT and t — . If = tt, then either 

= and t = in case of ai > 04 or = vr and 



t = "''^"^ in case of ai < a^. If ai sin /i 7^ 0, then cot | = 

A/a?+2ai 04 cos u+a^ n, / ^ \ 

^ ' ^— ^, cot(z) = cotuH 2^i^,<y9 e (tt, 27r). 

Similarly, we derive that Q{9, ip) — ii and only if the 
coefficients of the tripartite state in ^ satisfy 02 = 03. 

Thus, we find that a three-qubit state in ([2]) can be 
collapsed to an EPR pair with certain probability by a 
measurement on the first qubit if and only if 02 = 03. 

Next we characterize the states such that both P{9, cp) 
and Q{9, ip) are equal to at the same point (9, ip). 

By above discussion, we need only to find the condition 
such that (3(6'o, po) = for each case with P{9a, pa) = 0. 
Note that oq 7^ 0. We see that Q{9q,pq) (1 — 203 — 
204)^ + 4a|(ai — 04)^ = if and only if 02 = as and 
04 — in case of ai sin fi ~ and 02 = 03 . Similarly, 

we have that when 02 — 03, and ai sin /i 7^ 0, Q{9q, pq) 
only if 02 = 03 = and 04 = 



(1 — 203 — 204)^ + 4a§(ai + 2aia4 cos [i + 04) = if and 



Therefore, three-qubit state in the generalized Schmidt 
decomposition ^ can be used for perfect teleportation 
if and only if it is the state ([1]). 

Now we investigate how to achieve the maximum of 
probability of successfully controlled teleporting an un- 
known qubit state via an arbitrary partially entangled 
quantum channel 

Obviously, the maximum of ([8]) is 



— max{p} = 1 — min{i?(^, (ys)} = 1 — i?„ 



(11) 



In order to reach the maximal probability of exact con- 
trolled teleportation, the supervisor Charlie needs only to 
choose optimal measurement basis, i.e. he selects 9^ and 
(/?o such that E^in = R(9q, p^) 

Note that the minimum of R(9^ p) should occur at the 
points such that P{9, p) = 0, Q{9, p) = 0, and 

R'eiO. ^) = ^ = 0, %i9, p) = — ^0. (12) 

Combining these two equations gives 



dQ 
dp 

dQ 
36 



dP_dQ_ _ dQ_dP_ 

de dp ^ 89 dp 

dp , 

'de 



= 0, 



= 0. 



(13) 
(14) 
(15) 



Let us look at the general case — the quantum channel 
with parameters satisfying 0004020304 sin ^ 0. Sup- 
pose sin 6* ^ 0, and P{9, p)Q{9, p) ^ 0. 

By ([13]), there is 



26ix2 - 
-og&i 



(62 cos p -( 
- 64 cos 2p 



63 sin p)x 
- &5 sin 2p - 



(16) 



X = aocotO, gi =020304, 

32 = 0^03 - (02 + 03)0!, gs = 2al + 2a\ - 1, 

61 = Oigisin/i, 62 = 2ai sin /i(3aii7i cos ^ — (72), 

63 = 2ai(;2 cos /i + 31(1 — 2oo — Oi — Soi cos 2/1 — 204), 

64 = oi sin/i[c/i(ao — 1 -|- 4ai cos^ /I + 204) — 2aip2 cos/i], 

65 = (?i — aigi[a? cos3/i — (02 + 03 — a|) cos/x] -I- Oi(;2 cos 2/1. 

Eq.llll) subtracted from Eq.(IT5|) is 

8di + 4:X^{d2 sin p + cos p) + 2a:: (d4 + ds cos 2p 
+d(i sin 2p) + dr cos p + dg sin p + dg cos 3p + dio sin 3p — 0, 

(17) 

where 

di = 0131(53 + oq) cos /i - O1P2 - p?, 

d2 = 2oi sin/i[oi3i(2g3 -I- Oo) cos/i - 2gi -I- (oq - 2oi)g2], 

'^3 ~ 3i(3oo — 1 — 2oo -|- 40104 -|- 402O3 — 200O4 
-|-4oi(;3 cos^ /i — 2ooOi sin^ /i) 
— 2oi cos/i[6(/i — (oq — 2oi)(/2], 

d4 = 20203(04 — 202O3 — 304O4) + (1 — 2ao — 2oi -|- 4ooOi 
—2a\)g2 — 1604514 cos^ /i + 2a\g\ cos /i(5oo — 2 — 2oo 
+04 — 300O4 + 204 + 80I03 — 2aQa| -|- 6040I), 

ds — 4(oo — of )(74 -I- 04(/i((;3 — Oq) cos 3/i + oigi cos /i[2oo 
-(1 - 2ao)^ -I- of (33 + 4ol - 5oo) + 402O3 - SoqoI] 
-|-2af cos2/x[(2oo — a\)g2 — 3(/i], 

dg — oi sin /i{(;i [2oo(l + 2o2 + 203 — 204) — 1 + 402O3 
+4aial + 4oi(g3 - Oq) cos^ /i] + 4o4[(2oo - 04)52 
-33?] COS/i}, 

d7 = 5i{l ~ 2ooOi — 402O3 — 204 + 04(404 — 2) 

— Oo[2 -f 204 — 4o4 — 04(3 — 604)] — 2o? cos'^ A'[2oo 
-1-3 — I202O3 — 404(1 -I- o|) + ao(5o? — 7-1- 204)] 
—Aalgi cosS/i} + 2a\ cos/i{(l — 2oo — 2oi 
+2>ala\)g2 — 2aio3[2oio3 — (1 -I- Oq — 5af)al]}, 

dg = 2oi sin/i[(l — 2ao — 204 -|- 'ia^a\)g2 

r» 2 2 /r» 22 2. 22i<2 2\ 

— ^0203(^0203 — 04 -|- 0904 -|- ia^a^) 
—Aoigi cos 2/i -I- oi(/4 cos /i(7oQ — 3 — 2oo 
-|-4oi — SoqOj -(- 120203 — 2oq04 -|- 401O4)], 
dg = 0004(204(72 cos 3/i — (74[o4 cos 2/i(2oo — 3 -f 304 

-f6o4) + 04 cos 4/1 — 4(/i cos /i]}, 
dio = OoOi{2o4(;2 sin 3/1 — gi [oi sin 2/i(2oo — 3 -I- 304 
-I-604) -1- 04 sin 4/i — 4(?4 sin /i]}. 

Note that 61 7^ 0. By dividing the left side of (HZ]) by 
the left side of (|16p , we obtain the polynomial remainder 

-xki{p) + k2ip)^0, (18) 

where 

ki{p) = C7 -I- C5 cos 2(p -I- C6 sin 2(^, 

(p) = C4 cos 3<^ + C2 sin 3p + C3 sin <^ + C4 cos p, 
ci = -6264d4 + 63&5d4 - 6i65d2 -I- 6i&4d3 - bidg, 
C2 = -6364d4 - 62&5di - f)?dio + &i64d2 -I- bibsda, 
C3 = 6364d4 — 62&5d4 - 6i64d2 -I- 6465d3 - bidg 
+26463diOo - 26id20o, 



4 



C4 = —b2b4di — fes&sdi + 61656(2 + 6164^3 



+2bib2diaQ 



2b'^d-ial, 



C5 
C6 
C7 



62^1 



fegdi — 461640(1 + 6163^2 - 61620(3 + 26id5, 



= 262636(1 — 461650(1 — 61620(2 — 61630(3 + 26id6, 



620(1 + 630(1 



61630(2 — 61620(3 



26? d4 



46ic(iao. 



Using some algebra, we can prove that any (p such that 
smt^ = is not minimum point of R{9, if). Thus, we can 
suppose sin ip ^ 0. 

We first discuss the case ki{ip) ^ 0. From ((TS]), there 

- Substituting it in Eq.([Tll), we derive 



IS X 



fci(v) ■ 



F'^[26l(ci +C4)^ +62(C5 +C7)(C1 +C4) + (C5 +C7)^(64 - 6iag) 

+V^{{ci + C4)[46i(3c2 + C3) + 262C6 + 63(05 + C7)] 

+ (C5 + C7)[62(3C2 + C3) + 265(05 + C7) + 4C6(64 - 6iao)]} 

-l^''{26i [8c? - (3C2 + caf - 2(ci - af] - 263(01 + C4)c6 

+2(62Ci - 465C6)(C5 + 0:7) + 262(ciC5 - C4C7) 

-(C5 - 07)^(64 + 61 ag) - (3C2 + C3)(63C5 + 262C6 + 63C7) 

+464(ci-ci)+46i(ci + c?)ag} 
-2V^[46iCi(5c2 + C3) - (C2 + C3)(46iC4 + 62C7) 

+2(63Cl + 62C2)C5 + 265 (ci - C?) + 62(3ci - C4)C6 

-63(302 + C3)C6 + 63(01 - 04)07 + 405(6405 - 65O6 + 610700)] 

+F2{26i[(3oi - 04)2 - 8oi + 2(02 + 03)"^] - 4630205 

+ (3ci - 04)[62(05 - 07) - 263O6] + 20763(02 + 03) 

+262(03 - 02)06 + 464(05 - ci) - 86506(05 - 07) 

+ (05 + 07)^(61 ao - 64) - 46i (oi + o?)ag} 

+T^[(o2 - 03)(126iOi - 46104 + 6205 - 263O6 - 6207) 

+ (05 ~ 07)(3630i - 63O4 + 26505 + 464O6 - 26507 + 46i06ao)] 

= 0, 

(19) 

where V — cotip. Finding out the solution(s) {9i, (pi) of 
(fT9|) and (fTS]) satisfying the two equations in p2|) if there 
exists, then determining the minimum point {9i, pi) such 
that min{i?(0i, pi)} = R{Oi, pi) if there is, we obtain 

_ .inm{R{9i,pi),Q{9o,po),R{0,p)}, if 02 = 03, 
'^'"'"-^min{i?(^?i,(^i),i?(0,(^)}, if 027^03. 

Otherwise, there is no minimum point at the case 
P{9, p)Q{9, p) sin 6* 7^ 0, and the minimum 

_ , min{g(e'o,</3o),i?(0, (^)}, if 02=03, , , 
^^'--^ R{0,p), if 02^03. ^^^> 



Now let us look at the case ki{p) = 0. If it has com- 
mon solution(s) with k2{p) = 0, and there is/are so- 
lutions/solutions {9j,pj) of Eqs.(fT6| and (fT7|l satisfying 
Egs. p^ . then we have 



R„ 



iam{R{62,p2),Q{9o,po), R{0,p)}, if 02 = 03, 



min{i?(02,(^2),i?(O,(^)}, 



if 02 ^ 03, 



where R{62,P2) = </3j)}- Otherwise, the mini- 

mum i?min is the same as that in ()20p . 

Note that in the three expressions of i?inin above, we 
use the properties R{0,p) = R(Tr,p) and Q{9q,Pq) — 
P{9o',fo'), where P{9o,po) = Q{9o>,po') = 0. 

For the quantum channel ([2]) with 01020304 sin /i = 0, 
we also obtain the exact values of the maximal successful 
probabilities for controlled teleportation. 

According to the definition Eij = max^ ps^-df^s)) 
of LE in [18| , the maximal probability Pmax in pip is a 
kind of LE. If E{\(j)s)) is chosen to be the concurrence of 
Id's), we show the exact value of the LE 



E2 



max{piCi +^2^2} 



= 2W OjOg — 201020304 cos fj, + (05 -I- ai)al. 



In conclusion, we have shown the sufficient and neces- 
sary condition that a three-qubit state can be collapsed 
to an EPR pair by an appropriate measurement on one 
qubit. We also characterized the tripartite states that 
can be used for perfect controlled teleportation. More- 
over, we gave the maximal successful probability for con- 
trolled teleportation via a general tripartite state, and 
determined the exact value of another localizable entan- 
glement in [Tsj . 
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